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NEW APPROACH TO GENERALIZED MITTAG-LEFFLER
FUNCTION VIA QUANTUM CALCULUS
RAGHIB NADEEM, MOHD. SAIF, TALHA USMAN∗ AND ABDUL HAKIM KHAN
Abstract. We aim to introduce a new extension of Mittag-Leffler func-
tion via q-analogue and obtained their significant properties including inte-
gral representation, q-differentiation, q-Laplace transform, image formula
under q-derivative operators. We also consider some particular cases to
give the applications of our main results.
1. Overture
The Swedish mathematician Go¨sta Mittag-Leffler discovered a special func-
tion in 1903 (see, [3, 5]) defined as
Eη(u) =
∞∑
m=0
um
Γ(ηm+ 1) m!
, (η, u ∈ C;ℜ(η) > 0), (1.1)
where Γ(.) is a classical gamma function [9]. The special function defined in
(1.1) is called Mittag Leffler function (MLf).
For the very first time, in 1905, A. Wiman [12] firstly proposed the gener-
alization of the MLf Eη(u) as
Eη,κ(u) =
∞∑
m=0
um
Γ(ηm+ κ) m!
, (η, κ ∈ C; ℜ(η) > 0,ℜ(κ) > 0). (1.2)
Subsequently, the generalized form of series (1.1) and (1.2) studied by Prab-
hakar [8] in 1971 as:
Eση,κ(u) =
∞∑
m=0
um(σ)m
Γ(ηm+ κ) m!
, (η, κ, σ ∈ C; ℜ(η) > 0,ℜ(κ) > 0,ℜ(σ) > 0),
(1.3)
where (σ)m =
Γ(σ+m)
Γ(σ) denotes the Pochhammer symbol [9].
The Mittag-Leffler function plays a vital role in the solution of fractional
order differential equations and fractional order integral equations. It has re-
cently become a subject of rich interest in the field of fractional calculus and
its applications and nowadays some mathematicians consider to refer the clas-
sical Mittag-Leffler function as the Queen Function in the Fractional Calculus.
An enormous amount of research in the theory of Mittag-Leffler functions has
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been published in the literature. For detailed account of the various gener-
alizations, properties and applications of the MLf readers may refer to the
literatures [1, 13, 14, 17, 18, 19, 20, 21].
The q-calculus is the q-extension of the ordinary calculus. The theory of
q-calculus operators in recent past have been applied in the areas of ordinary
fractional calculus, optimal control problem, in finding solutions of the q-
difference and q-integral equations and q-transform analysis.
In 2009, Mansoor [6] has proposed a new form of q-analogue of the Mittag-
Leffler function is given as:
eη,κ(u; q) =
∞∑
m=0
um
Γq(ηm+ κ)
(|z| < (1− q)−α), (1.4)
where η > 0, κ ∈ C.
Recently, Sharma and Jain [10] introduced the q-analogue of generalized
MLf as given underneath:
Eση,κ(u; q) =
∞∑
m=0
(qσ; q)m
(q; q)m
um
Γq(ηm+ κ)
, (1.5)
(η, κ, σ ∈ C; ℜ(η) > 0,ℜ(κ) > 0,ℜ(σ) > 0, |q| < 1).
2. Prelude
In the theory of q-series (see[4]), for complex λ and 0 < q < 1, the q-shifted
factorial is defined as follows:
(λ; q)m =
{
1 ;m = 0,
(1− λ)(1 − λq) . . . (1− λqm−1) ;m ∈ N
(2.1)
which is equivalent to
(λ; q)m =
(λ; q)∞
(λqm; q)∞
(2.2)
and its extension naturally as:
(λ; q)η =
(λ; q)∞
(λqη; q)∞
, η ∈ C, (2.3)
where the principal value of qη is taken.
For s, t ∈ R the q-analogue of the exponent (s− t)m is
(s− t)(m) =


1 ;m = 0
m−1∏
i=0
(s − tqi) ;m 6= 0
(2.4)
and connected by the following relationship
(s− t)(m) = sm(t/s; q)m, (s 6= 0).
Obviously, its expansion for τ ∈ R as
(s− t)(m) = sm
(t/s; q)∞
(qτ t/s; q)∞
, (s; q)τ =
(s; q)∞
(sqτ ; q)∞
. (2.5)
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Note that
(s− t)(τ) = sτ (t/s; q)τ .
The q-analogue of binomial coefficient is defined for s, t > 0 as(
s
t
)
q
=
[s]q
[t]q[s− t]q
=
(q; q)s
(q; q)t(q; q)s−t
=
(
s
s− t
)
q
. (2.6)
The definition can be generalized in the following way. For arbitrary com-
plex τ we have(
τ
m
)
q
=
(q−τ ; q)m
(q; q)m
(−1)mqτm−(
m
2 ) =
Γq(τ + 1)
Γq(m+ 1)Γq(τ −m+ 1)
(2.7)
where Γq(u) is the q-gamma function.
The q-gamma and q-beta functions([4]) are defined by
Γq(u) =
(q; q)∞
(qu; q)∞
(1− q)1−u = (1− q)(u−1)(1− q)1−u, (2.8)
for u ∈ R \ {0,−1,−2,−3, . . .}; |q| < 1.
Clearly,
Γq(u+ 1) = [u]qΓq(u)
and
Bq(η, κ) =
Γq(η)Γq(κ)
Γq(η + κ)
=
∫ 1
0
uη−1
(qu; q)∞
(qκu; q)∞
dqu =
∫ 1
0
uη−1(uq; q)κ−1dqu,
(2.9)
(ℜ(η),ℜ(κ) > 0).
Further, the Γq(u) satisfies the functional equation
Γq(u+ 1) =
1− qu
1− q
Γq(u) (2.10)
Also, the q-difference operator and q-integration of a function f(u) defined
on a subset of C are given by [4] respectively.
Dqf(u) =
f(u)− f(uq)
u(1− q)
(u 6= 0, q 6= 1), (Dqf)(0) = lim
u→0
(Dqf)(u) (2.11)
and ∫ u
0
f(t)d(t; q) = u(1− q)
∞∑
m=0
qmf(uqk). (2.12)
3. Extended q-Mittag-Leffler function and their properties
In this section, we extend the definition (1.5) by introducing the following
relation for (qc, q)m
(qc; q)m
(qσ; q)m
=
Bq(σ +m, c− σ)
Bq(σ, c − σ)
. (3.1)
Now, we define the extension of generalized Mittag-Leffler function (1.5) using
above relation as:
E(σ;c)η,κ (u; q) =
∞∑
m=0
Bq(σ +m, c− σ)
Bq(σ, c− σ)
(qc; q)m
(q; q)m
um
Γq(ηm+ κ)
(3.2)
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(ℜ(c) > ℜ(σ) > 0, |q| < 1),
where Bq(.) is the q-analog of beta function.
We enumerate the relations and particular cases of q-analogue of extended
generalized Mittag-Leffler function with other special functions as given below
(i) If we put c = 1 in (3.2), we obtain
E(σ;1)η,κ (u; q) =
∞∑
m=0
(qσ; q)m
(q; q)m
um
Γq(ηm+ κ)
= Eση,κ(u; q), (3.3)
where the function Eση,κ(u; q) is the q-analogue of Mittag-Leffler func-
tion defined in (1.5) .
(ii) Again, if we take σ = 1 in (3.2), we get
E(1;c)η,κ (u; q) =
∞∑
m=0
um
Γq(ηm+ κ)
= eη,κ(u; q), (3.4)
the function eη,κ(u; q) can be termed as q-analogue of Mittag-Leffler
function defined in (1.4).
(iii) If we consider η = κ = σ = 1, in (3.2), we find
E
(1;c)
1,1 (u; q) =
∞∑
m=0
(qc; q)m
(q; q)m
um =
(qcu; q)∞
(q; q)∞
= 1φ0(q
c;−; q, u), (3.5)
where the function 2φ0(q
c;−; q, u) = (1 − u)−c can be termed as q-
binomial function.
(iv) On setting c = c+ σ, in (3.2), then similarly, we obtain q-analogue of
Mittag-Leffler function Eση,κ(u; q) defined in (1.5).
4. Convergence of E
(σ;c)
η,κ (u; q)
Theorem 4.1. The q-analogue of the extended generalized Mittag-Leffler func-
tion defined by the summation formula (3.2) converges absolutely for |u| <
(1− q)−η provided that 0 < q < 1, η > 0,ℜ(c) > ℜ(σ), c, σ ∈ C.
Proof. Writing the summation formula (3.2) as E
(σ;c)
η,κ (u; q) =
∞∑
m=0
sm and by
applying ratio formula, we find
lim
m→∞
∣∣∣∣sm+1sm
∣∣∣∣ =
∣∣∣∣Bq(σ +m+ 1, c− σ)Bq(σ +m, c− σ)
∣∣∣∣
∣∣∣∣(qc, q)m+1(qc, q)m
∣∣∣∣
∣∣∣∣ (q, q)m(q, q)m+1
∣∣∣∣
∣∣∣∣ Γ(ηm+ κ)Γ(ηm+ η + κ) u
∣∣∣∣
= lim
m→∞
∣∣∣∣ (qc+m, q)∞(qc+m+1, q)∞
(qσ+m, q)∞
(qσ+m+1, q)∞
(qηm+κ, q)∞
(qηm+κ+η , q)∞
(qm+1, q)∞
(qm, q)∞
(1− q)−ηu
∣∣∣∣
= lim
m→∞
∣∣∣∣(1− qc+m) (1− qσ+m) (1− qηm+κ)η (1− q)−η(1− qm) u
∣∣∣∣
= |(1− q)−η||u|, for 0 < |q| < 1. (4.1)

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5. Recurrence Relations
Theorem 5.1. If η, κ, σ ∈ C, ℜ(η) > 0,ℜ(κ) > 0,ℜ(σ) > 0 and σ 6= c, then
E(σ;c)η,κ (u; q) = E
(σ+1;c+1)
η,κ (u; q)− u q
c E
(σ+1;c+1)
η,η+κ (u; q).
Proof. By the definition (3.2), we have
E(σ;c)η,κ (u; q) =
∞∑
m=0
Bq(σ +m, c− σ)
Bq(σ, c− σ)
(qc; q)m
(q; q)m
um
Γq(ηm+ κ)
,
=
1
Γ(κ)
+
∞∑
m=1
Bq(σ +m, c− σ)
Bq(σ, c− σ)
(1− qc)(qc+1; q)m−1
(q; q)m
um
Γq(ηm+ κ)
.
Since (1− qc) = (1− qc+m)− qc(1− qm), the above equation reduces to
E(σ;c)η,κ (u; q) =
1
Γ(κ)
+
∞∑
m=1
Bq(σ +m, c− σ)
Bq(σ, c− σ)
(1− qc+m)(qc+1; q)m−1
(q; q)m
um
Γq(ηm+ κ)
−
− qc
∞∑
m=1
Bq(σ +m, c− σ)
Bq(σ, c − σ)
(1− qm)(qc+1; q)m−1
(q; q)m
um
Γq(ηm+ κ)
.
On replacing m with m+ 1 in the second summation, it becomes
E(σ;c)η,κ (u; q) =
1
Γ(κ)
+
∞∑
m=1
Bq(σ +m, c− σ)
Bq(σ, c− σ)
(qc+1; q)m
(q; q)m
um
Γq(ηm+ κ)
− qc
∞∑
m=1
Bq(σ +m+ 1, c− σ)
Bq(σ, c − σ)
(qc+1; q)m
(q; q)m
um+1
Γq(ηm+ η + κ)
,
which leads to the required result (5.1). 
6. Some elementary properties of Extended q-Mittag-Leffler
function
We begin with the underlying theorem, which shows the integral represen-
tation of extended q-Mittag-Leffler function:
Theorem 6.1. (Integral representation) For the extended q-Mittag-Leffler
function, we have
E(σ;c)η,κ (u; q) =
1
Bq(σ, c − σ)
∫ 1
0
tσ−1
(tq; q)∞
(tqc−σ; q)∞
E(c)η,κ(tu; q) dqt, (6.1)
provided that, η, κ, σ ∈ C, ℜ(η) > 0,ℜ(κ) > 0,ℜ(σ) > 0 and σ 6= c.
Proof. By the definition of q-analogue of beta function, we can rewrite equa-
tion (3.2) as follows:
E(σ;c)η,κ (u; q) =
∞∑
m=0
{∫ 1
0
tσ+m−1
(tq; q)∞
(tqc−σ; q)∞
dqt
}
1
Bq(σ, c− σ)
×
(qc; q)m
Γq(ηm+ κ)
um
(q; q)m
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=
1
Bq(σ, c− σ)
∫ 1
0
tσ−1
(tq; q)∞
(tqc−σ; q)∞
dqt
(qc; q)m
(q; q)m
tum
Γq(ηm+ κ)
,
which leads to the required result (6.1). 
Theorem 6.2. For η, κ, σ ∈ C,ℜ(η) > 0,ℜ(κ) > 0,ℜ(σ) > 0, c 6= σ, then for
any m ∈ N, we have
Dmq [u
κ−1E(σ;c)η,κ (λu
η ; q)] = uκ−m−1E
(σ;c)
η,κ−m(λu
η; q). (6.2)
Proof. By considering the function
f(u) = uκ−1E(σ;c)η,κ (λu
η; q)
and using the definition (3.2), then, in view of (2.11), we obtain
Dmq [u
κ−1E(σ;c)η,κ (λu
η)] =
∞∑
m=0
Bq(σ +m+ 1, c− σ)
Bq(σ, c− σ)
(qc; q)m
(q; q)m
×
λm(1− qηm+κ−1)
1− q
uηm+κ−2
Γq(ηm+ κ)
Since, according to the functional equation (2.10), the r.h.s of the above
expression can be written as
∞∑
m=0
Bq(σ +m+ 1, c − σ)
Bq(σ, c − σ)
(qc; q)m
(q; q)m
λmuηm+κ−2
Γq(ηm+ κ− 1)
= uκ−2 E
(σ;c)
η,κ−1(λu
η ; q).
Conclusively, we obtain
Dmq [u
κ−1E(σ;c)η,κ (λu
η; q)] = uκ−2E
(σ;c)
η,κ−1(λu
η; q).
Iterating above result m− 1 times, we obtain the required result (6.2). 
Theorem 6.3. Let ξ, ζ, σ, κ ∈ C;ℜ(ξ),ℜ(κ),ℜ(σ) > 0; ζ 6= 0,−1,−2, . . . then∫ 1
0
uξ−1(1− qu)(ζ−1)E
(σ;c)
η,κ (xu
ρ; q)dqu
=
∞∑
m=0
Bq(σ +m, c− σ)(q
c; q)m
Bq(σ, c− σ)(q; q)m
xmΓq(ξ + ρm)Γq(ξ)
Γq(ηm+ κ)Γq(ξ + ζ + ρm)
. (6.3)
In particular,∫ 1
0
uξ−1(1− qu)(ζ−1)E
(σ;c)
η,κ (xu
ρ; q)dqu = Γq(ζ)E
(σ;c)
η,κ+ζ(x; q) (6.4)
Proof. By using the definition (3.2), the l.h.s of equation (6.3) can be written
as
∫ 1
0
uξ−1(1− qu)(ζ−1)
∞∑
m=0
Bq(σ +m, c− σ)(q
c; q)m
Bq(σ, c− σ)(q; q)m
uρmxm
Γq(ηm+ κ)
dqu
Interchanging the order of summation and integration and in view of equa-
tion (2.9), we obtain the required result (6.3).
In equation (6.3) replacing ρ = η, κ = ζ, then in view of equation (3.2), we
can clearly obtain (6.4). 
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Theorem 6.4. (q-Laplace transform) For q-analogue of the extended gener-
alized Lapalce transform is defined as follows:
qLs[E
(σ;c)
η,κ (xu
ρ; q)] =
1
s
∞∑
m=0
Bq(σ +m, c− σ)(q
c; q)m
Bq(σ, c− σ)(q; q)m
Γq(1 + ρm)
Γq(ηm+ κ)
(6.5)
×
(
(1− q)ρx
sρ
)m
provided that κ, σ, s ∈ C;ℜ(β),ℜ(κ),ℜ(s) > 0.
Proof. The q-Laplace transform of a suitable function is given by means of
following q-integral [11]
qLs{f(u)} =
1
(1− q)
∫ s−1
0
Eqsuq f(u)dqu. (6.6)
The q-extension of the exponential function [4] is given by
Euq =0 φ0(−,−; q,−u) =
∞∑
m=0
q(
m
2 )um
(q; q)m
= (−u; q)∞ (6.7)
and
euq = 0φ0(0,−; q,−u) =
∞∑
m=0
um
(q; q)m
=
1
(u; q)∞
, |u| < 1. (6.8)
By using the above q-exponential series and the q-integral equation (2.12),
we can write equation (6.6) as
qLs{f(u)} =
(q; q)∞
s
∞∑
j=0
qjf(s−1qj)
(q; q)j
. (6.9)
Using the definition (3.2) and the definition of q-Laplace transform, we
obtain
qLs[E
(σ;c)
η,κ (xu
ρ; q)] =
(q; q)∞
s
∞∑
j=0
qj
(q; q)j
×
∞∑
m=0
Bq(σ +m, c− σ)
Bq(σ, c − σ)
(qσ; q)m
(q; q)m
[u(s−1qj)σ]m
Γq(ηm+ κ)
.
On interchanging the order of summation and writing the j series as 1φ0,
which can be summed up as 1
(q1+ρm;q)∞
and after some simplifications, we
obtain the required result (6.5). 
7. Kober type fractional q- calculus operators
Agarwal [2] established Kober type fractional q-integral operator in the
following manner
(Iν,µq f)(u) =
u−ν−µ
Γq(u)
∫ u
0
(u− tq)µ−1t
νf(t)dqt, (7.1)
where ℜ(µ) > 0. Also, Garg et al. [7] introduced Kober fractional q-derivative
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operator given by
(Dν,µq f)(u) =
m∏
i=0
(
[ν + j]q + uq
ν+jDq
)
(Iν+µ,m−µq f)(u), (7.2)
where m = [ℜ(µ)] + 1, m ∈ N.
The image formula of the power function um under the above operators [7]
are given as:
Iν,µq {u
m} =
Γq(ν +m+ 1)
Γq(ν + µ+m+ 1)
um (7.3)
Dν,µq {u
m} =
Γq(ν + µ+m+ 1)
Γq(ν +m+ 1)
um (7.4)
Theorem 7.1. The underlying assumption holds true:
Iν,µq {E
(σ;c)
η,κ (u; q)} =
∞∑
m=0
Bq(σ +m, c− σ)
Bq(σ, c − σ)
(qc; q)m
(q; q)m
Γq(ν +m+ 1)
Γq(ν + µ+m+ 1)
um
Γq(ηm+ κ)
,
(7.5)
particularly,
Iν,µq E
(ν+µ;1)
η,κ (u; q) =
Γq(ν + 1)
Γq(ν + µ+ 1)
E(ν+1;1)η,κ (u; q), (7.6)
provided that if η, c > 0, κ, σ, u ∈ C;ℜ(κ), ℜ(σ) > 0.
Proof. The proof of (7.5) can easily be obtained by making use of the definition
(3.2) and the result (7.3).
Now, on setting σ = ν + µ in the definition (3.2), we obtain the result
(7.6). 
Theorem 7.2. The underlying assumption holds true:
Dν,µq {E
(σ;c)
η,κ (u; q)} =
∞∑
m=0
Bq(σ +m, c− σ)
Bq(σ, c − σ)
(qc; q)m
(q; q)m
Γq(ν + µ+m+ 1)
Γq(ν +m+ 1)
um
Γq(ηm+ κ)
,
(7.7)
particularly,
Dν,µq E
(ν+1;1)
η,κ (u; q) =
Γq(ν + µ+ 1)
Γq(ν + 1)
Eν+µη,κ (u; q) (7.8)
provided that if η, c > 0, κ, σ, u ∈ C;ℜ(κ),ℜ(σ) > 0.
Proof. The proof of (7.7) can easily be obtained by making use of the definition
(3.2) and the result (7.4). Similarly, on setting σ = ν+1 in the definition (3.2),
we obtain the result (7.8). 
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